Abstract. In this paper we give firstly a broad review of the space plasma turbulence around the ion characteristic space and temporal scales within two natural laboratories, the solar wind and the Earth magnetosheath. In both regions power law spectra of magnetic fluctuations are observed. In both regions these spectra have a break in the vicinity of the ion cyclotron frequency. A distinctive feature of the magnetosheath turbulence is the presence of Alfvén vortices at scales of the spectral break. The Alfvén vortices are multi-scale nonlinear structures. We give a review of the main theoretical features of incompressible Alfvén vortsices in the second part of the paper. Finally, we analyze the spectral properties of the Alfvén vortex solution and of the network of such vortices. We show that the observed magnetosheath spectrum in presence of the Alfvén vortices can be described, at least partially, by the vortex network model.
Introduction
Natural plasmas are frequently in a turbulent state. Turbulence is a non-linear process, non-reproducible locally but with some universal statistical properties. To date, there is no analytical theory that describes 3-D fluid turbulence in a sufficiently general frame. At the same time, thanks to a number of observations, numerical simulations and theoretical works, we know these universal properties of a turbulent system: -In Fourier space, the energy of turbulent fluctuations is distributed as a power law. This reflects a scale invariance, i.e., at each scale the same physical description is valid.
Correspondence to: O. Alexandrova (olga.alexandrova@obspm.fr) -Intermittency (spatial inhomogeneity of the turbulence), that manifests itself as non-Gaussian probability distribution functions of turbulent fluctuations, and dependence of this non-Gaussianity on scale.
In 3-D incompressible homogeneous non-magnetized fluids, when the energy injection scale is far from the dissipation scale, on the intermediate scales (inertial range) the power spectrum of velocity fluctuations follows a k −slaw with s=5/3. This law is well described by the Kolomogorov's phenomenology and depends neither on the energy injection nor on the energy dissipation processes (Frisch, 1995) .
Intermittency is beyond this phenomenology but we know that in hydrodynamics it appears in the form of coherent structures as filaments of vorticity. Their characteristic length is of the order of the energy injection scale but their diameter is of the order of the dissipation scale (see the references of section 8.9 in (Frisch, 1995) ). Thus, in Fourier space, these filaments occupy the edges of the inertial range.
In neutral fluids the dissipation sets in at scales of the order of the collisional mean free path. At these scales the fluctuation energy spectrum is also universal, but with an exponential shape and not a power law (Frisch, 1995) .
The solar wind and the Earth's magnetosheath may serve as laboratories for the study of turbulence in a collisionless, moderately magnetized plasma due to their relative proximity and the possibility to study them with in-situ measurements. In both cases, the collisional mean free path is of the order of the Sun-Earth distance and so dissipation via collisions is negligible. At the same time, at the difference with neutral fluids, in magnetized plasma there is a number of characteristic (microscopic) space and temporal scales.The solar wind is an example of freely developed turbulence, the Earth magnetosheath on the contrary is a domain bounded by the bow-shock and the magnetopause, where there is an important energy injection at the ion scales. By studying Published by Copernicus Publications on behalf of the European Geosciences Union and the American Geophysical Union.
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O. Alexandrova: Solar wind vs magnetosheath turbulence the magnetohydrodynamic (MHD) turbulence in such different laboratories, we can improve our understanding of the plasma turbulence in other astrophysical situations, such as the interstellar medium or the supernova remnants, for example.
In this paper we firstly give a broad review of the space plasma turbulence around the ion characteristic space and temporal scales in the solar wind and in the Earth's magnetosheath. Secondly we give a review of the main theoretical features of incompressible Alfvén vortices, coherent structures observed in the magnetosheath. Finally we analyze in details the spectral properties of the vortices.
Solar wind
The solar wind is the extension of the solar atmosphere expanding into the interplanetary space. The expansion speed depends on the topology of the solar magnetic field: the fast solar wind blows along open field lines, while the slow wind escapes from the regions with closed ones. The discussion presented in this section is valid only for one type solar wind, fast or slow, not for the mixture of both, and at 1 AU 1 .
The fast and slow solar wind flows are filled with magnetic fluctuations. A considerable number of studies have been dedicated to the analysis of the magnetic fluctuations on the magnetohydrodynamical (MHD) scales, see for example the following review papers (Tu and Marsch, 1995; Bruno and Carbone, 2005; Horbury et al., 2005) . One of the most important results is the presence of large scale Alfvén waves, originating in the solar corona and propagating away from the Sun (Belcher and Davis, 1971) . The superposition of these waves forms a ∼f −1 spectrum at frequencies below 10 −4 Hz. At higher frequencies the spectrum follows a ∼f −5/3 power law, that is usually interpreted in terms of an active turbulent cascade, which transfers energy from the Alfvén waves at large scales up to the ion scales 2 . This range, dominated by Alfvénic fluctuations extends from ∼10 −4 Hz to ∼10 −1 Hz. Before discussing more in details what is going on at higher frequencies, some considerations about the Alfvénic cascade are in order.
First, one may wonder wether the Alfvénic cascade results from the superposition of almost linear plasma waves or of definitely non-linear fluctuations. A mixture of weakly interacting waves is known as weak turbulence: the life time of the waves is much longer than the energy exchange time, 1 The statistical properties of the large-scale magnetic fluctuations (at time scales larger than a day) as a function of distance from the Sun between 1 to 60 AU are described in (Burlaga et al., 2003) .
2 A discussion about small scale discontinuities (on kinetic scales) induced by the steepening of large scale Alfvén waves, with wavelengths ∼0.01 AU, can be found in (Tsurutani et al., 2005) ; a possible relationship between the small scale solar wind discontinuities and the Alfvénic turbulent fluctuations has been recently reported in (Vasquez et al., 2007). and there are no phase correlations between the waves. On the contrary, the turbulence described by a Kolmogorov-like phenomenology refers to strong turbulence, where the fluctuations exchange energy in times of the order of their life time.
The observation of the f −5/3 spectrum of magnetic fluctuations independently on the solar wind type and local plasma parameters (Leamon et al., 1998; Smith et al., 2006) indicates that the Kolmogorov description seems to be more appropriate. In fact, thanks to the superalfvénic speed of the solar wind V , the turbulent fluctuations can be considered frozen in the flow and so the observed variations on time scale δt correspond to variations on spatial scale δr=V δt (Taylor hypothesis). Hence, the observed spectrum f −5/3 within the frequency range [10 −4 , 10 −1 ] Hz corresponds to E∼k −5/3 for the space scales [10 4 , 10 7 ] km.
Another important argument in favor of the strong turbulence description is intermittency. It was shown that at time scales where the k −5/3 -spectrum is observed the probability distribution functions (PDFs) of magnetic fluctuations behaves as velocity increments in strong hydrodynamic turbulence (Sorriso-Valvo et al., 1999) , i.e. the smaller the scale the higher PDF's tails and the larger deviation from the Gaussian statistics. The power-law index and intermittency are important arguments in favor of the strong turbulence description of the solar wind fluctuations. However, to confirm that, estimations of the life time of the fluctuations in comparison with the energy exchange time should be done.
Second, even if Kolmogorov's spectrum is observed in the solar wind, there are important differences with turbulence in neutral fluids. In a plasma, the presence of a mean magnetic field B 0 gives rise to anisotropy with respect to the field direction both in amplitudes of the fluctuations (δB ⊥ >δB ) and in their spatial structure (k ⊥ >k ), a signature of quasibidimensional turbulence with a non-linear transfer essentially perpendicular to B 0 (Shebalin et al., 1983; Grappin, 1986; Bieber et al., 1996; Matthaeus et al., 1990 Matthaeus et al., , 1996 Müller and Grappin, 2005; Bruno and Carbone, 2005; Horbury et al., 2005; Dmitruk et al., 2005; Osman and Horbury, 2007) .
The role of B 0 is clearly seen in the "organization" of the intermittent structures of the solar wind turbulence. As shown by Veltri and Mangeney (1999) and Veltri (1999) , on time scales of the order of few minutes the intermittent events take the form of (i) current sheets with the maximal field variation in the plane perpendicular to B 0 , or (ii) shock waves with normals along B 0 . Note that these structures are one dimensional, at variance with ordinary fluid intermittency, where the intermittent structures are two dimensional vortices, as we have discussed above 3 .
Third, as already mentioned above, a specific feature of most of space plasmas is the unimportance of collisional dissipation and presence of a number of characteristic space and temporal scales, associated with significant changes in the dispersive properties of the medium. The question is therefore: what happens to turbulent magnetic fluctuations observed at space scales around the ions inertial length c/ω pi (c being the speed of light and ω pi -the ion plasma frequency) and at time scales around the ion cyclotron frequency f ci =eB 0 /m i , (where B 0 is the mean field modulus, e being the electron charge and m i is the ion mass)? The remaining part of this section will be devoted to a discussion of the possible answers to this question.
Observationally, the Kolmogorov-like inertial range ends in the vicinity of f ci ∼0.1 Hz, where the power spectrum of the magnetic fluctuations has a break (f ci is calculated using the mean field at 1 AU, B 0 ∼5 nT). Above the break point the spectrum has a significant steepening, but it is still described by a power law f −s , with s∈[2, 4] ( Leamon et al., 1998; Bale et al., 2005; Smith et al., 2006) . Some authors associate the spectral steepening to the dissipation range (Leamon et al., 1998 Smith et al., 2006) . Others suggest that beyond the spectral break another turbulent cascade takes place (Biskamp et al., 1996; Ghosh et al., 1996; Stawicki et al., 2001; Galtier, 2006; Galtier and Buchlin, 2007) .
It is important to note that there are no direct observational evidence for the dissipation of the turbulent fluctuations and the association of the high frequency range with the dissipation range is just a hypothesis. This hypothesis can be studied numerically: Li et al. (2001) show, for example, that if the spectral break is associated to dissipation via kinetic damping of the Alfvén and magnetosonic waves, the spectrum would have been exponential and not a power-law.
As mentioned above, within the Kolmogorov-like inertial range (below the break) the solar wind magnetic fluctuations are mostly Alfvénic and nearly incompressible (Bruno and Carbone, 2005; Tu and Marsch, 1995) . The ion cyclotron frequency is a cut-off for the left-handed Alfvénic fluctuations. Therefore, the spectral break in the vicinity of f ci represents a change in the nature of magnetic fluctuations. Galtier (2006) proposes to describe the spectrum above the break in the incompressible Hall MHD weak turbulence approximation, while Bale et al. (2005) suggest that the spectral break frequency corresponds to the Doppler-shifted ion Larmor radius and propose to explain the above spectrum by a mixture of kinetic Alfvén waves. However the applicability of the weak turbulence approximation (mixture of linear waves with random phases) to the solar wind turbulence is questionable, as we have discussed above. Furthermore, the incompressible approximation, well satisfied below the spectral break, is hardly applicable above it, since nearly 30% of other dimensions, we call it 2-D structure (3−1). A plane structure, like a current sheet or a shock, is invariant in the plane, so their dimension is (3−2). the fluctuations are compressible in this range (Alexandrova et al., 2008) .
Recently, we have proposed some arguments in favor of a strong non-linear turbulent cascade rather than a dissipative or dispersive process to explain the form of the spectrum in the frequency domain above the spectral break (Alexandrova et al., 2007 (Alexandrova et al., , 2008 . We have shown in particular that in this range the intermittency increases toward small scales, similarly to what happens in the Kolmogorov-like inertial range.
Both the presence of a power-law spectrum and the intermittency increase towards small scales seem to be quite in contrast with what one would expect from dissipation. In usual fluid turbulence, the dissipative range is described by an exponential function and not by a power-law, as discussed above. In the near dissipation range (Chevillard et al., 2005 ) the intermittency increases exponentially as long as the Gaussian fluctuations dissipate faster than the coherent structures (i.e., there are mostly coherent structures in this range); then the fluctuations become self-similar, the singularities being smoothed by dissipation. In the solar wind turbulence we observe a completely different picture. The Kolmogorov inertial range is characterized by an increase of intermittency. At a spectral break point the intermittency stops growing, probably there is a partial destruction of coherent structures due to some local kinetic effects related to the ions (this point is worth studding in more details). Then, at smaller scales, the intermittency increases as a power law indicating that non-linear interactions are again at work to build up a new inertial range. The strong coherent structures represent only (2-6)% of the fluctuations at each scale involved in this small-scale intermittent cascade (Alexandrova et al., 2008) .
To describe the small scale cascade of the solar wind turbulence we have proposed a simple phenomenological model based on the compressible Hall MHD (Alexandrova et al., 2008) . The phenomenological arguments are based on the fact that on the scales of the order of the ion inertial length c/ω pi and at frequencies of the order of f ci , the Hall term in the Faraday's law, proportional to ∇×[(J×B)/ρ], dominates. This means that the nonlinear energy transfer is realized in a time associated to the Hall effect τ H ∼ρ ℓ ℓ 2 /B ℓ , that must be shorter than the eddy-turnover time τ N L ∼ℓ/u ℓ , here ρ ℓ is the typical value of density, u ℓ the velocity and B ℓ the magnetic intensity for an eddy at length-scale ℓ.
In a compressible fluid the energy balance equation must be expressed in terms of energy densities (i.e., energy per unit volume) and not in terms of specific energy (i.e., per unit mass), in order to take into account density fluctuations (see Fleck, 1996 , for example). The mean volume rate of energy transfer on Hall times in a compressible fluid is therefore ε V ∼ρ ℓ u 2 ℓ /τ H . Assuming equipartition between kinetic and magnetic energies ρ ℓ u 2 ℓ ∼B 2 ℓ , the energy-transfer rate results to be proportional to ε V ∼B 3 ℓ /ℓ 2 ρ ℓ . Following von Weizsäcker (1951) , the density scaling is ρ ℓ ∼ℓ −3γ , where 98 O. Alexandrova: Solar wind vs magnetosheath turbulence |γ | is a measure of the degree of compression at each scale, and ranges from 0 for no compression up to 1 for isotropic compression (3|γ | is a number of dimensions in which the compression takes place). Assuming now a constant spectrum energy transfer rate we have B ℓ ∼ρ 1/3 ℓ 2/3 ∼ℓ 2/3−γ . Therefore, the spectral energy function for the compressible fluctuations, which exchange their energy in Hall times, is
This phenomenological model allows to explain the variations of the spectral index of the high frequency part of the solar wind spectrum from −4 to −2 by different degree of plasma compression, γ ∈[−5/6, 1/6], and without any dissipation. In the incompressible case (γ =0) the well known k −7/3 -law for Electron MHD turbulence (Biskamp et al., 1996) is recovered. This simple model however must be improved in order to take into account (i) the space anisotropy that appears in a plasma with a mean field, and (ii) a possible different scalings of velocity and magnetic field that yields to an imbalance between kinetic and magnetic energies at small scales. Besides, the interpretation of the small scale energy cascade in the Hall MHD frame is supported by the observations of a clear correlation between the spectral break frequency and the Doppler-shifted wavevector of the ion inertia length c/ω pi (Leamon et al., 2000) .
The inquisitive reader can then ask "where is finally the dissipation range of the solar wind turbulence?", because some dissipative process must be at work. The observations on the electron scales, like the electron inertia length λ e , and on the electrostatic scales close to the Debay's length λ D are crucial to answer this question. To my knowledge, there are no observations of the solar wind spectrum on such small scales.
The Earth magnetosheath
The magnetosheath turbulence is another example of MHD turbulence, although less studied. Here, the mean magnetic field is stronger than in the solar wind, the plasma is denser and hotter. The presence of boundaries, the Earth bow-shock and the magnetopause, can play a crucial role in the organization of plasma turbulence in this region. The shock geometry with respect to the interplanetary magnetic field B IMF determines the level and nature of the downstream turbulence. If the angle between the shock normal n and B IMF is small (quasi parallel shocks), BN ∈ (0, 45) • , the fluctuations from the solar wind are amplified and modified within the quasi-parallel shock front and penetrate downstream. In this case the level of magnetic fluctuations in the magnetosheath is rather high, δB/B 0 ∼1. When the angle between n and B IMF is large, (quasi-perpendicular shocks), BN ∈ (45, 90) • , the downstream fluctuations are generated mainly locally and their amplitude is much smaller δB/B 0 ∼0.1.
A notable feature of the magnetosheath downstream of the quasi-perpendicular bow-shock is the ion temperature anisotropy that takes its origin in the vicinity of the bowshock and the magnetopause: the ion temperature perpendicular to the mean magnetic field (T ⊥ ) is generally larger than the parallel one (T ) contrary to what is observed in the solar wind where T >T ⊥ , see for example Matteini et al., 2006) . This anisotropy is a source of free energy and its liberation proceeds through the generation of low frequency waves, i.e. at frequencies below f ci . For the magnetosheath conditions (T ⊥ >T ) the linear Vlasov theory for homogeneous plasmas predicts that if the ion plasma beta β=8πp/B 2 0 , the ratio between the pressure of the ions p and the magnetic pressure, is small (β≤1) Alfvén Ion Cyclotron (AIC) waves will grow with wave vectors mainly parallel to the background field k ≫k ⊥ , while for a high beta (β≥5) mirror waves with k ⊥ ≫k will grow (Schwartz et al., 1996; Gary et al., 1994b) . These waves then scatter and diffuse the particles, reducing the anisotropy. Most of previous works on the magnetosheath were devoted to the identification of AIC and mirror waves (Tsurutani et al., 1982; Lacombe et al., 1992; Anderson et al., 1994; Lucek et al., 2001; Sahraoui et al., 2003b; Alexandrova et al., 2004) to confirm this scenario of anisotropy relaxation. Very convincing results have been obtained, where one can see that AIC and Mirror instabilities control the magnetosheath state. These results are reviewed and discussed by Lacombe and Belmont (1995) ; similar results are obtained in numerical simulations such as those described by Hellinger et al. (2003) .
Thus a simple quasi-linear theory can explain the lowfrequency fluctuations (f <f ci ) in the magnetosheath. It is important to note, however, that monochromatic AIC and mirror modes, visible in Fourier spectrum as sharp peaks (see for example (Alexandrova et al., 2004) ), are not frequently seen in the magnetosheath. Instead, most of the observations shows a broad band spectrum covering frequencies much higher than f ci (Siscoe et al., 1967; Rezeau et al., 1986 Rezeau et al., , 1999 Rezeau et al., , 2001 Matsuoka et al., 2000; Shevyrev and Zastenker, 2005; Sahraoui et al., 2003a Sahraoui et al., , 2006 . Let us discuss more in details some features of magnetic fluctuations below and above f ci .
A detailed analysis of magnetic power spectra downstream of a quasi-perpendicular shock for f <f ci has been made by Anderson et al. (1994) . The authors subdivide the observed samples into groups of different β and temperature anisotropy. They observe that when β decreases (T ⊥ /T increases) the spectra become more and more anisotropic in the sense of magnitude of the fluctuations: Alfvénic fluctuations dominate and cover a larger and larger frequency range. Let us develop this point in details.
It was observed (Anderson et al., 1994 ) that in the magnetosheath with β∼7 and the anisotropy T ⊥ /T ∼1.4 mirror fluctuations are dominant up to 0.25f ci . Between 0.25f ci and f ci nearly isotropic turbulence is observed, i.e. the amplitude of magnetic field fluctuations is the same along any direction. For a lower beta β∼3 (T ⊥ /T ∼1.6) the magnetosheath turbulence becomes anisotropic with respect to the mean magnetic field: the Alfvénic fluctuations become dominant above ∼0.2f ci . These fluctuations, however, are isotropic in the plane perpendicular to the mean field, i.e. the left-hand (LH) and right-hand (RH) polarized Alfvénic fluctuations have the same amplitudes. For β<1.7 and T ⊥ /T >1.9 Alfvénic fluctuations dominate the whole spectrum and the LH fluctuations becomes more important than the RH ones above ∼0.1f ci . For β∼0.5 and T ⊥ /T ≃3, the spectral features appear: left and right hand Alfvénic fluctuations form two maxima: around 0.3f ci and around ∼0.7f ci , and the spectrum of LH fluctuations is dominant. These two spectral maxima have been explained as due to the proton cyclotron and the helium cyclotron modes (Gary et al., 1994a) .
It was shown, as well, that the amplitude of the compressible magnetic fluctuations δB /B 0 increases clearly with β. Regarding Alfvénic fluctuations in the magnetosheath, Anderson et al. (1994) show that their amplitude does not increases significantly with β, and in general it is small δB ⊥ ≪B 0 .
In a statistical study (Czaykowska et al., 2001) , 132 samples of magnetosheath fluctuations are analyzed just downstream of quasi-parallel and quasi-perpendicular bowshocks. In this study, 4-min time periods centered at 3, 5 and 7 min from the shock crossing have been analyzed. It was shown that downstream of a quasi-parallel bow-shock for f <f ci , the mean magnetosheath turbulent spectra of magnetic components follow an f −0.8 power law. Downstream of a quasi-perpendicular bow-shock these spectra follow an f −1.1 power law, but it is not very well defined: there are some enhancements in the left-hand Alfvénic fluctuations. As it is described above, in the solar wind the spectrum ∼f −1 is observed in the frequency rang below the Kolmogorov's like cascade. This "1/f -noise" (Matthaeus and Goldstein, 1986) is usually attributed to a mixture of uncorrelated Alfvén waves propagating from the Sun (see the discussion in Sect. 1.1). Similar arguments can explain the power law observed in the magnetosheath: it can be due to a mixture of the uncorrelated Alfvén and mirror waves, generated by the anisotropic ion distributions as is discussed above. Note, that these results are valid only for the region just downstream of the bow-shock. The universality of f −1 spectrum in the magnetosheath should be verified, we will discuss this point more in details in Sect. 4.
In the statistical study (Czaykowska et al., 2001) , the authors consider not only frequencies below f ci , but also the high-frequency part f >f ci . Regardless of the fact that the mean fluctuation level downstream of a quasi-parallel shock is higher than downstream of a quasi-perpendicular shock, it was shown that both spectra have a break at the vicinity of f ci and that the high-frequency parts of the spectra f >f ci follow the same power-law ∼f −2.6 . The observed independence of the power-law on the background parameters, like the geometry of the shock, is the first step toward the description of the magnetosheath fluctuations in terms of turbulence, that is, a universal phenomenon.
The mean spectrum within the high-frequency part of the magnetosheath turbulence is close to the one observed in the solar wind. But, contrary to what happens in the solar wind, this spectrum ∼f −2.6 is observed immediately above the range of uncorrelated waves ∼f −1 , without the Kolmogorov's like inertial range.
However, the most striking difference between these two type of MHD turbulence is the presence of Alfvén vortices in the magnetosheath at scales comparable to that where the spectral break occurs (Alexandrova et al., 2006) . They appear as a large local maximum (or as a spectral knee) at the break of the turbulent spectrum. A similar spectral maximum was observed during a flux transfer event on the magnetopause (Rezeau et al., 1993) . This spectral knee has also been observed downstream of quasi-perpendicular bowshocks (Czaykowska et al., 2001 ) when the upstream solar wind beta was β<0.5. It was interpreted as a signature of AIC waves. Thanks to the space resolution of Cluster satellites, we could establish that the spectral knee is in fact due to localized structures in the form of Alfvén vortices, and not to AIC plane waves (Alexandrova et al., 2006 ).
An Alfvén vortex (Petviashvili and Pokhotelov, 1992 ) is the cylindrical analogue of the non-linear Alfvén wave. In the simplest case, it is a solution of the equations of incompressible ideal magnetohydrodynamics. The qualitative difference with the usual Alfvén wave is that such vortex propagates in a plane nearly perpendicular to the unperturbed magnetic field with a velocity determined by the projection of this field B 0 on the plane perpendicular to the vortex axis. Moreover, the well known relation
(V A =B 0 / √ 4πρ being the Alfvén speed), between the perpendicular magnetic field and velocity fluctuations in the Alfvén wave, is replaced for the vortex by a more general relation
where ξ is determined by the vortex velocity When the vortex axis is strictly parallel to the field, this velocity is equal to zero. The Alfvén vortices observed in the magnetosheath have their axis almost parallel to the mean magnetic field B 0 , and therefore move slowly with respect to the ambient plasma.
The presence of such non-linear structures in the magnetosheath can play an important role in the dynamics of turbulence. If, up to now, the small amplitude fluctuations in the magnetosheath were considered as weak turbulence, the observation of Alfvén vortices (Alexandrova et al., 2006) shows the importance of a revision of this classical approach of the magnetosheath turbulence.
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Magnetosheath spectrum in the presence of Alfvén vortices
We consider a time period [18:36-18:44] UT on 31 March 2001, when Cluster was in the magnetosheath downstream of a quasi-perpendicular bow-shock. The average magnetic field (with 4 s time resolution) is determined from the fluxgate magnetometer (FGM) ). The ion density n i , the plasma bulk velocity V and the ion temperature T i are provided by CIS/HIA instrument (Rème and et al., 2001 ). The mean plasma parameters are B 0 =82 nT, n i =35 cm −3 , V =265 km/s, T i =350 eV, the Alfvén speed V A =310 km/s, the ion cyclotron frequency f ci =1.2 Hz, the ion inertial length c/ω pi =40 km, the ion gyroradius ρ i =23 km, β i =0.7 and ion temperature anisotropy T ⊥ /T =1.9. All the data are from Cluster-3 spacecraft.
Magnetic field fluctuations are measured by the search coils (SC) of the STAFF experiment with 0.04 s time resolution (Cornilleau-Wehrlin et al., 2003) . This instrument measures magnetic fluctuations above 0.1 Hz. We merged FGM with STAFF-SC data to obtain a magnetic spectrum covering a large frequency domain (Alexandrova et al., 2004) . Figure 1a shows the total power spectrum density of the magnetic fluctuations S= i=x,y,z S i (solid lines) and the spectrum of parallel fluctuations of magnetic field S (dashed-dotted lines). The power spectral density of the magnetic field components is calculated using the Morlet wavelet transform (Torrence and Compo, 1998) ,
where
is a wavelet coefficient of the i-th component of the magnetic field B i (t j ), a data time series with equal time spacing δt and j =0, ..., N −1.
Here τ is a time scale (the corresponding frequency is f =1/τ ), while ψ(u)=π −1/4 exp(−iω 0 u) exp(−u 2 /2) is the Morlet wavelet, where ω 0 =6.
The spectrum of parallel fluctuations S is approximated by the spectrum of fluctuations of the magnetic field intensity. This is a correct representation when the amplitudes of the fluctuations verify δB<B 0 , which is the case in the magnetosheath downstream of a quasi-perpendicular shock and especially for plasma conditions when β<1 (see our discussion in Sect. 1).
From Fig. 1a , one can see that the high frequency part of the spectrum, within the range [2.0, 12.5] Hz, follows a well defined power law f −4 . This power law is rather far from the mean spectrum ∼f −2.6 determined in (Czaykowska et al., 2001 ), which we have discussed in Sect. 1. At the lower frequencies, there is no a well-defined powerlaw, but some particular activity is observed. Within the frequency range [0.01, 0.25] Hz the growth of linear waves, AIC and mirror, probably takes place. Within the frequency range [0.25, 0.5] Hz, just below a large spectral maximum, we observe a plateau. The spectral maximum, or the spectral knee, is a signature of the Alfvén vortices (Alexandrova et al., 2006) , here it covers the [0.5, 2.0] Hz spectral range, i.e. [0.4, 1.6]f ci . Figure 1b shows the level of compressible fluctuations, i.e. the ration S /S, as a function of frequency. One can see that the level of compressibility is rather important within the high frequency part of the spectrum. This is the case in the solar wind as well (Alexandrova et al., 2008) . Around 0.1 Hz, S /S reaches 0.5, which means equipartition between the energies of compressible and transverse fluctuations. This peak can correspond to a mirror mode. At the same time, within the range of the Alfvén vortices [0.5, 2.0] Hz, S /S decreases to a negligibly small value 0.03, reflecting the incompressible nature of the vortices. It seems that the appearance of the Alfvén vortices in a finite beta plasma (here β∼1) makes it incompressible within the vortices. A statistical study over ∼30 magnetosheath samples shows (i) a systematic decrease of S /S within the spectral knee range, and (ii) Alfvén vortices are observed for not too large β, β<3 (Alexandrova et al., in preparation 4 ).
The Alfvén vortex and its spectral properties
The Alfvén vortices are multi-scale nonlinear structures and one may wonder how they can influence the turbulent spectrum (M. Berthomier, private communication, 2006) , even outside the observed spectral "knee".
In this section, we begin by a short review of the main theoretical features of the model of incompressible Alfvén vortex (Petviashvili and Pokhotelov, 1992; Kadomtsev and Pogutse, 1974) , since it is not so well known in the space physics community. Second, we analyze the spectra of two topologically independent vortex solutions, monopole and dipole. Finally, we discuss the spectral properties of a periodic vortex network.
Alfvén vortex solutions
The Alfvén vortex is one of the non-linear solutions of the ideal incompressible MHD equations. It is characterized by magnetic field and velocity fluctuations mostly perpendicular to the unperturbed magnetic field B 0 (taken here as parallel to the z direction), δB z ≪δB ⊥ and δV z ≪δV ⊥ ; they have a slow time dependence, ∂ t ≪ ci , and their space variations verify ∂ z ≪∇ ⊥ . Their amplitude ε∼δB ⊥ /B 0 is assumed to be small although finite, 0<ε<1 and they satisfy the following scaling relations:
The transverse fluctuations can then be described by two scalar functions, the parallel component of the vector potential A z and a flux function ψ
(in the following the symbol δ will be omitted). For the scalar variables A z and ψ the MHD equations
∇ · V = 0 ; ∇ · B = 0 (10) 4 Alexandrova, PhD thesis, 2005. reduce to two non-linear scalar equations (Kadomtsev and Pogutse, 1974; Strauss, 1976; Petviashvili and Pokhotelov, 1992) , the conservation of the momentum along z
and the Maxwell-Faraday equation in the plane perpendicular to z
Here the notation {., .} corresponds to the Poisson bracket (or the Jacobian) {a, b}=∂ x a∂ y b−∂ y a∂ x b≡(∇a×∇b)·z.
These equations can be written in dimensionless form, using new variables t= ci t,
where J =∇ 2 ⊥ A is the longitudinal current and
The Alfvén vortices are solutions which are localized in a plane nearly perpendicular to z and propagate with a speed u in this plane while conserving their shape. Choosing the variables in the vortex plane x and η, with
ϑ being the angle between the normal to the plane (x, η) and B 0 , we arrive to a two dimensional problem. In the new variables (x, η) the Eqs. (13) and (14) become
with the new Poisson bracket {a, b}=∂ x a∂ η b−∂ η a∂ x b. Equation (17) means that ( −ux) and (A−αx) are dependent on one another:
so that Eq. (16) leads to an equation for ( −ux)
containing two arbitrary functions, f and f 1 . There is, therefore, an infinite number of solutions of the system (16) and (17) in the form of vortices. Among this infinite set of solutions, the simplest Alfvén vortex solution is localized in a circle of the radius a in the plane (x, η), and decays at infinity as a power law. It satisfies a generalized Alfvén relation
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where k and c are constants. This solution is
Here A 0 is a constant amplitude, J 0 and J 1 are the Bessel functions of 0th and 1st order respectively, r= x 2 +η 2 is the radial variable in the plane of the vortex. The continuity of the solution (22) in r=a requires that the parameter k and the radius a be coupled by the following dispersion relation
This relation ensures the continuity of the magnetic field B ⊥ =(B x , B η )=(∂ η A, −∂ x A) in r=a as well as a vanishing divergence of B ⊥ everywhere. Going back to the 3-D problem we must respect the following conditions: since ∂ z ≪∇ ⊥ has to be satisfied, the angle must be small, α∼∂ z /∇ ⊥ ∼ε. Similarly, the velocity u must be also small in order to satisfy the condition ∂ t ≪ ci , i.e. u∼∂ t / ci ∼ε. In principle, ξ is arbitrary, but of the order of 1.
The Alfvén vortex solution (22) is the analogue of the incompressible unmagnetized hydrodynamic vortex solution, and as in hydrodynamics, we distinguish here to types of vortices: monopole and dipole.
The monopolar vortex solution correspond to the case with α=0 (u=0), i.e., when the projection of the mean field to the vortex plane is zero. This vortex is at rest in the plasma frame. It corresponds to a field-aligned force-free current localized within a circle of the radius a
The monopole has the current J and the field lines as is shown in Fig. 2 . The contours of its magnetic field components are shown in Fig. 4 (upper panels). As soon as α =0 (u =0), the general solution (22) describes the dipolar vortex. It is not stationary in the plasma as the monopole, but propagates with velocity u along the η-direction, the direction of the mean field projection on the vortex plane. The current of the dipolar vortex and its field lines are presented in Fig. 3 . Here the amplitude of monopolar part A 0 is chosen to be zero, otherwise A, J and the magnetic field lines are no more symmetric with respect to the vortex center. The contours of its magnetic field components are shown in Fig. 4 (lower panels) .
Thus monopolar and dipolar vortices are topologically different and there is no continuous transition between them. These differences reflect themselves in the Fourier spectra of these two vortex types.
Power spectra of monopole and dipole
Suppose now that a magnetic probe moves in space, along the x-axis with a constant velocity and a distance of closest approach to the vortex axis η. corresponding to a vortex radius a=1. Above this maximum, for k>2, well-defined power laws are observed. The monopole vortex spectrum follows ∼k −4 , while the dipolar follows ∼k −6 . These power laws can be easily explained.
The magnetic field of a monopole vortex is completely localized within the circle of the radius a. It yields to a discontinuity at r=a for the current density, thus the PSD of J follows a k −2 -power law. Therefore the power spectral density of the magnetic field components is k −4 . In the case of a dipolar vortex structure, the current is localized while the field extends to infinity. Therefore the PSD of the derivative of the current follows a k −2 -law, that of the current is ∝k −4 and that of the field follows a k −6 -law.
Note that these spectra are not completely independent of the trajectory of the virtual probe through the vortices. Along some particular trajectories, the magnetic field components are equal to zero and then the spectrum vanishes. These trajectories are vortex separatrices, which can be easily seen in Fig. 4 . For example, for the monopole structure, the trajectory along x-axis with η=0 is a separatrix of the B x component, and the one along η with x=0 is a separatrix of B y . Dipole has twice as many separatrices: the trajectory along x-axis with η=0 and the one along η with x = 0 are the separatrices of B x , while B y =0 along the diagonals. Actually, the probability that the satellite crosses the vortex along a separatrix is small and the spectra of Fig. 5 can be considered as quasi-universal.
The vortex spectra presented above can partially explain the magnetosheath magnetic spectrum presented in Fig. 1 . First, both vortex models reproduce the spectral knee, it appears to be around k=a −1 . Second, the rather steep power laws of the monopole and dipole structures can explain the important steepening of the magnetosheath spectrum. In a real plasma one expects that the vortex singularities, which give the power law spectra, will be regularized by dispersion or dissipation effects at some scale ℓ r . That means that at smaller scales, ℓ<ℓ r , the spectrum will follow an exponential law and no longer a power law. We think that this regularization happens at electron scales, ℓ r ≃λ e . Doppler shifted electron inertial length λ e ≃5 km appears in the magnetosheath spectrum at around f ∼50 Hz, well outside of the analyzed frequency range, see Fig. 1a . Now, let us discuss a model, which affects the wave vectors below the spectral maximum.
Vortex network
The observed magnetosheath spectrum of Fig. 1 is the result of an integration over a number of events, and particularly over an important number of Alfvén vortex structures. We suggest, via the model explained below, that Cluster crosses an Alfvén vortex network, as is shown in Fig. 6 . Figure 7 (upper panels) shows the B x component of the magnetic field measured along a trajectory r through a monopolar (left) and a dipolar (right) regular vortex network. The distance between two successive vortices -network parameter -is chosen to be λ=10a in both cases. the single vortex case, but now there is a plateau between the network parameter λ −1 and the vortex scale a −1 .
The spectrum of the dipolar vortex network is ∼k −2 for the wave vectors k≥10. Small scales discontinuities of the field and non-periodicity of the signal are at the origin of this slope. In the real infinite plasma at high wave vectors we expect to observe the spectrum k −6 of a single dipolar vortex, shown in Fig. 5 . At lower k there is a plateau between λ −1 and a −1 scales, as for the monopolar network case.
A similar plateau is observed in the magnetosheath spectrum of Fig. 1 for the frequency range [0.25, 0.5] Hz, while the spectral knee is centered around 1 Hz. The model shown above allows the determination of a and λ from the spectral shape only. Taking into account the Taylor hypothesis, from the spectral shape of Fig. 1 it follows that λ≃1000 km (≃26c/ω pi ) and the vortex radius is a≃300 km (≃8c/ω pi ). The same value for the mean separation between the vortices λ ≃1000 km obtains if one assumes an irregular network.
Discussion and conclusion
Let us summarize now some common and distinctive features of the plasma turbulence in the two natural laboratories considered here. In the solar wind as in the magnetosheath the fluctuations are anisotropic with respect to the mean field B 0 : the smaller the plasma beta, the higher the anisotropy δB ⊥ >δB (Bruno and Carbone, 2005; Anderson et al., 1994) . In both regions the anisotropy in wave vector distributions, k ⊥ >k , is observed (Bieber et al., 1996; Horbury et al., 2005; Sahraoui et al., 2006; Mangeney et al., 2006; Osman and Horbury, 2007) . In both regions the turbu- lent spectrum has a break at the vicinity of the ion characteristic scales (Leamon et al., 1998; Czaykowska et al., 2001) .
Contrary to what happens in the solar wind, in the magnetosheath the mean spectrum follows ∼f −1 below the spectral break and ∼f −2.6 above it, without the Kolmogorov's-like inertial range (Czaykowska et al., 2001) . The universality of this spectrum, however, should be verified. In the solar wind, the Kolmogorov's like inertial range is developed as far as the non-linear time of the interactions τ NL is shorter that the transit time. The shortest transit time in the magnetosheath (along the Sun-Earth line) is of the order of few minutes. For example, for the AIC wave studied in (Alexandrova et al., 2004) with the wave length λ∼600 km and the amplitude of the velocity fluctuations δV ∼30 km/s, the non-linear time is estimated to be τ NL ∼20 s, i.e. smaller than the transit time. That means that the development of the Kolmogorov's-like inertial range is possible in the magnetosheath, especially on the flanks where the transit time is longer.
Another difference between these two natural laboratories, and the most important from our point of view, is the presence of the incompressible Alfvén vortices in the compressible magnetosheath plasma. Even for β∼1, the plasma seems to be incompressible within the vortices. Their appearance in the magnetosheath can be the result of some non-linear evolution of the fluctuations of the f −1 spectrum.
Are the Alfvén vortices inherent only to the downstream region of the shocks? For neutral fluids it was shown that the curvature of the shock injects vorticity downstream (Kevlahan, 1997) . Similar effect can appear in the case of collisionless MHD shock waves such as the Earth's bowshock. The scale of the vortices generated via such process is related to the typical radius of curvature. So the large scale shock curvature can be at the origin of vortices at scales of the order of some Earth's radius R E . The Earth bow shock is actually unsteady and small scale ripples propagate along the shock front, which may be at the origin of the observed Alfvén vortices. This topics requires a detailed investigation which has yet to be done.
Are there Alfvén vortices in the solar wind? For instance, there is no solar wind observation that exhibits the Alfvén vortex signature at the spectral break point like in the magnetosheath. However, at larger scales, some signatures of the magnetic vortices are observed. Magnetic vortices with a cross-section of the order of 0.3 AU can appear as a result of the interaction between fast and slow solar wind flows (Drillia and Moussas, 1996) . Verkhoglyadova et al. (2003) analyzed magnetic discontinuities in the solar wind and proposed to explain them in terms of Alfvén vortices. Multisatellite analysis, however, is needed to confirm this conclusion.
In the magnetospheric plasma sheet, where β∼1 and B 0 is mostly perpendicular to the plasma flow, Verkhoglyadova et al. (1999) observe the signatures of Alfvén vortices within the regions where magnetic pressure is in antiphase with plasma pressure. That can be a result of a focusing of an Alfvén wave propagating in a plasma with density channels (T. Passot, private communication, 2007) .
In a strongly inhomogeneous plasma with a plasma beta m e /m i ≪β∼(ρ i ω pi /c) 2 ≪1 drift Alfvén vortices appear (Horton and Hasegawa, 1994) . Their cross-section a is of the order of the ion Larmor radius ρ i and much smaller than the ion-inertial length c/ω pi . The observations of such vortices in the high-latitude ionosphere have been firstly reported by Chmyrev et al. (1988) . In the same region, solitary kinetic Alfvén waves have been studied by Volwerk et al. (1996) . Using space resolution of Cluster, the drift kinetic Alfvén vortices have been identified in the high-altitude cusp region (Sundkvist et al., 2005) . We remark that the drift Alfvén vortices and the MHD vortices discussed in the present paper have similar structure, however the underling physics are different.
In the magnetosheath the signatures of the Alfvén vortices are frequently observed downstream of the quasiperpendicular bow-shock with plasma beta β<3 (the statistical analysis of strong Alfvénic fluctuations in the magnetosheath is a subject of an incoming paper). When the Alfvén vortices are rather energetic with respect to the surrounding noise, i.e. the maximum on the spectral break is pronounced, the high frequency part of the spectrum becomes steeper than the mean magnetosheath spectrum and flatter at lower frequencies, sometimes a plateau appears.
Here we show that the spectra of the Alfvén vortex solutions follow well-defined power-laws for k>a −1 , a being the radius of the vortex. The spectrum of the monopole vortex follows k −4 -law, due to the discontinuities of its current. In the case of the dipole vortex structure, the current is continuous but the derivative of the current has discontinuity at r=a and so the magnetic spectrum follows k −6 -law. These spectra are quasi-universal, i.e. they are independent on the satellite trajectory through the vortex. Forbidden trajectories are the vortex separatrices, where the field components are zero and so the spectra are not defined.
Simulating the Alfvén vortex network we recover the observed spectral plateau on the scales between the network parameter λ −1 and a −1 . Taking into account the Taylor hypothesis, which is always verified for the convected structures, like field-aligned vortices, the observed anomalous steepening of the high frequency spectrum and the plateau on the lower frequencies can be therefore explained by the spectra of the Alfvén vortex network. Moreover, the spectral break itself and the large maximum on it are predicted by the Alfvén vortex network as well.
We can not affirm, however, that the observed f −4 spectrum is due to the presence of the monopole Alfvén vortices only. As is shown in (Alexandrova et al., 2006) both vortex types are present in the magnetosheath turbulence. Moreover the increase of compressible fluctuations observed within the high frequency part of the spectrum can not be explained within the framework of the Alfvén vortex model. Hence the observed spectrum results from a complex of different phenomena, but Alfvén vortices contribute in making the spectrum steeper above the break and flatter below it.
